Abstract. Let G be a transitive permutation group on a finite set of size at least 2. By a well known theorem of Fein, Kantor and Schacher, G contains a derangement of prime power order. In this paper, we study the finite primitive permutation groups with the extremal property that the order of every derangement is an r-power, for some fixed prime r. First we show that these groups are either almost simple or affine, and we determine all the almost simple groups with this property. We also prove that an affine group G has this property if and only if every two-point stabilizer is an r-group. Here the structure of G has been extensively studied in work of Guralnick and Wiegand on the multiplicative structure of Galois field extensions, and in later work of Fleischmann, Lempken and Tiep on r ′ -semiregular pairs.
Introduction
Let G be a transitive permutation group on a finite set Ω of size at least 2. An element x ∈ G is a derangement if it acts fixed-point-freely on Ω. An easy application of the orbit-counting lemma shows that G contains derangements (this is originally a classical theorem of Jordan [38] ), and we will write ∆(G) for the set of derangements in G. Note that if H is a point stabilizer, then x is a derangement if and only if x G ∩ H is empty, where x G denotes the conjugacy class of x in G, so we have
The existence of derangements in transitive permutation groups has interesting applications in number theory and topology (see Serre's article [49] , for example).
Various extensions of Jordan's theorem on the existence of derangements have been studied in recent years. For example, if δ(G) = |∆(G)|/|G| denotes the proportion of derangements in G, then a theorem of Cameron and Cohen [14] states that δ(G) |Ω| −1 , with equality if and only if G is sharply 2-transitive. More recently, Fulman and Guralnick have established the existence of an absolute constant ǫ > 0 such that δ(G) > ǫ for any simple transitive group G (see [22, 23, 24, 25] ). This latter result confirms a conjecture of Boston et al. [4] and Shalev.
The study of derangements with special properties has been another major theme in recent years. By a theorem of Fein et al. [19] , ∆(G) contains an element of prime power order (their proof requires the classification of finite simple groups), and this result has important number-theoretic applications. For instance, it implies that the relative Brauer group of any finite extension of global fields is infinite. In most cases, ∆(G) contains an element of prime order, but there are some exceptions, such as the 3-transitive action of the smallest Mathieu group M 11 on 12 points. The transitive permutation groups with ' The geometry and combinatorics of groups' within the CRC 701, and he thanks B. Baumeister and G. Stroth for their assistance. Burness thanks R. Guralnick for helpful comments. Part of the paper was written during the second author's visit to the School of Mathematics at the University of Bristol; it is a pleasure to thank the University of Bristol for its hospitality.
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In this paper, we are interested in the permutation groups with the special property that every derangement is an r-element (that is, has order a power of r) for some fixed prime r. One of our main motivations stems from a theorem of Isaacs et al. [37] , which describes the finite transitive groups in which every derangement is an involution; by [37, Theorem A] , such a group is either an elementary abelian 2-group, or a Frobenius group with kernel an elementary abelian 2-group. In [9] , this result is used to classify the finite groups whose irreducible characters vanish only on involutions. It is natural to consider the analogous problem for odd primes, and more generally for prime powers. As noted in [37] , it is easy to see that such a generalization will involve a wider range of examples. For instance, if p is an odd prime then every derangement in the affine group ASL 2 (p) = SL 2 (p):p 2 (of degree p 2 ) has order p (if p = 2, the derangements have order 2 or 4).
Our first result is a reduction theorem. Theorem 1. Let G be a finite primitive permutation group such that every derangement in G is an r-element for some fixed prime r. Then G is either almost simple or affine.
Our next result, Theorem 2 below, describes all the almost simple primitive groups that arise in Theorem 1. Notice that in Table 1 , we write P 1 for a maximal parabolic subgroup of L 2 (q) or L 3 (q), which can be defined as the stabilizer of a 1-dimensional subspace of the natural module (similarly, P 2 is the stabilizer of a 2-dimensional subspace). In addition, we define E(G) = {|x| : x ∈ ∆(G)}.
Theorem 2. Let G be a finite almost simple primitive permutation group with point stabilizer H. Then every derangement in G is an r-element for some fixed prime r if and only if (G, H, r) is one of the cases in Table 1 . In particular, every derangement has order r if and only if |E(G)| = 1.
Remark 3. Let us make a couple of comments on the cases arising in Table 1 .
(i) Firstly, notice that the group G is recorded up to isomorphism. For example, the case (G, H) = (A 6 , (S 3 ≀S 2 )∩A 6 ) is listed as (L 2 (9), P 1 ), (G, H) = (A 5 , A 4 ) appears as (L 2 (4), P 1 ), and we record (G, H) = (L 2 (7), S 4 ) as (L 3 (2), P 1 ), etc. (ii) In the first two rows of the table we have G = L 3 (q) and H = P 1 or P 2 . Here q 2 + q + 1 ∈ {r, 3r, 3r 2 }, which implies that either q = 4, or q = p f for a prime p and f is a 3-power (see Lemma 2.9) . Now let us turn our attention to the affine groups that arise in Theorem 1. In order to state Theorem 4 below, we need to introduce some additional terminology. Let F be a field and let V be a finite dimensional vector space over F. Let H GL(V ) be a finite group and let r be a prime. Recall that x ∈ H is an r ′ -element if the order of x is indivisible by r. Following Fleischmann et al. [20] , the pair (H, V ) is said to be r ′ -semiregular if every nontrivial r ′ -element of H has no fixed points on V \ {0} (equivalently, no nontrivial r ′ -element of H has eigenvalue 1 on V ).
Theorem 4. Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z p ) k , where p is a prime and k 1. Then every derangement in G is an r-element for some fixed prime r if and only if r = p and the pair (H, V ) is r ′ -semiregular.
Let G = HV be an affine group as in Theorem 4 and notice that (H, V ) is r ′ -semiregular if and only if every two-point stabilizer in G is an r-group. As a special case, observe that if G is a Frobenius group then every two-point stabilizer is trivial and it is clear that every derangement in G has order r. Therefore, it is natural to focus our attention on the non-Frobenius affine groups arising in Theorem 4, which correspond to r ′ -semiregular pairs (H, V ) such that r divides |H|. In this situation, Guralnick and Wiegand [35, Section 4] obtain detailed information on the structure of H, which they use to investigate the multiplicative structure of finite Galois field extensions. Similar results were established in later work of Fleischmann et al. [20] . We refer the reader to the end of Section 5 for further details (see Propositions 5.5 and 5.6).
Transitive groups with the property in Theorem 1 arise naturally in several different contexts. For instance, let us recall that the existence of a derangement of prime power order in any finite transitive permutation group implies that the relative Brauer group B(L/K) of any finite extension L/K of global fields is infinite. More precisely, let L = K(α) be a separable extension of K, let E be a Galois closure of L over K, and let Ω be the set of roots in E of the minimal polynomial of α over K. Then the r-primary component B(L/K) r is infinite if and only if the Galois group Gal(E/K) contains a derangement of r-power order on Ω (see [19, Corollary 3] ). In this situation, it follows that the relative Brauer group B(L/K) has a unique infinite primary component if and only if every derangement in Gal(E/K) is an r-element for some fixed prime r.
In a different direction, our property arises in the study of permutation groups with bounded movement. To see the connection, let G Sym(Ω) be a transitive permutation group of degree n and set
where Γ x = {γ x : γ ∈ Γ}. Following Praeger [48] , we say that G has movement m. If G is not a 2-group and n = ⌊2mp/(p − 1)⌋, where p 5 is the least odd prime dividing |G|, then p divides n and every derangement in G has order p (see [36, Proposition 4.4] ). Moreover, the structure of these groups is described in [36, Theorem 1.2] . Some additional related results are established by Mann and Praeger in [44] . For instance, [44, Proposition 2] states that if G is a transitive p-group, where p = 2 or 3, then every derangement in G has order p only if G has exponent p. It is still not known whether or not the same conclusion holds for any prime p (see [44, p.905] ), although [36, Proposition 6 .1] does show that the exponent of such a group is bounded in terms of p only.
Remark 5. Let G = HV AGL(V ) be a finite affine primitive permutation group as above, and assume that every derangement in G is an r-element for some fixed prime r. Let P be a Sylow r-subgroup of G and set K = H ∩ P . As explained in Proposition 5.7, P is a transitive permutation group on P/K such that E(G) = E(P ), so E(G) = {r} if and only if E(P ) = {r}. For r ∈ {2, 3}, the above result of Mann and Praeger implies that E(G) = {r} if and only if P has exponent r. It would be interesting to know if the same conclusion holds for all primes r (see Conjecture 5.8).
There is also a connection between our property and 2-coverings of abstract groups. First notice that Jordan's theorem on the existence of derangements is equivalent to the well known fact that no finite group G can be expressed as the union of G-conjugates of a proper subgroup (see (1) ). However, it may be possible to express G as the union of the G-conjugates of two proper subgroups; if H and K are proper subgroups such that
then G is said to be 2-coverable and the pair (H, K) is a 2-covering for G. This notion has been widely studied in the context of finite simple groups. For instance, Bubboloni [8] proves that A n is 2-coverable if and only if 5 n 8, and similarly L n (q) is 2-coverable if and only if 2 n 4 (see [10] ). We refer the reader to [11] and [47] for further results in this direction. The connection between 2-coverable groups and the property in Theorem 1 is transparent. Indeed, if G is a transitive permutation group with point stabilizer H, then every derangement in G is an r-element (for some fixed prime r) if and only if (H, K) is a 2-covering for G, where K is a Sylow r-subgroup of G.
Notation. Our group-theoretic notation is standard, and we adopt the notation of Kleidman and Liebeck [40] for simple groups. For instance,
. If G is a simple orthogonal group, then we write G = PΩ ǫ n (q), where ǫ = + (respectively −) if n is even and G has Witt defect 0 (respectively 1), and ǫ = • if n is odd (in the latter case, we also write G = Ω n (q)). Following [40] , we will sometimes refer to the type of a subgroup H, which provides an approximate description of the group-theoretic structure of H.
For integers a and b, we use (a, b) to denote the greatest common divisor of a and b. If p is a prime number, then we write a = a p · a p ′ , where a p is the largest power of p dividing a. Finally, if X is a finite set, then π(X) denotes the set of prime divisors of |X|.
Organisation. Finally, some words on the organisation of this paper. In Section 2 we record several preliminary results that we will need in the proofs of our main theorems. The proof of Theorem 1 is given in Section 3, and the almost simple groups are handled in Section 4, where we prove Theorem 2. Finally, in Section 5 we turn to affine groups and we establish Theorem 4.
Preliminaries
In this section we record several preliminary results that will be useful in the proofs of our main theorems. Let H be a proper subgroup of a finite group G and set
Notice that if G is a transitive permutation group with point stabilizer H, then ∆(G) = ∆ H (G) is the set of derangements in G (see (1) ). It will be convenient to define the following property:
Every element in ∆ H (G) is an r-element for some fixed prime r.
Lemma 2.1. Let H be a proper subgroup of a finite group G. If (⋆) holds, then
contains an s-element, so (i) follows. Now consider (ii). Let x ∈ ∆ H (G) and assume s = r is a prime divisor of |C G (x)|. Let y ∈ C G (x) with |y| = s and let z = xy = yx, so z s = x s and x z . Then z ∈ ∆ H (G), but this is incompatible with property (⋆).
Lemma 2.2. Let H be a proper subgroup of a finite group G, let N be a normal subgroup of G such that G = N H, and let K be a proper subgroup of N containing H ∩ N . Then
Proof. Let x ∈ ∆ K (N ) and assume that x ∈ ∆ H (G). Then x g ∈ H for some g ∈ G. Since g ∈ G = N H, we may write g = nh for some n ∈ N and h ∈ H. Then x g = (x n ) h ∈ H which implies that x n ∈ H h −1 = H. Since both x and n are in N , we deduce that x n ∈ H ∩ N K, contradicting the fact that x ∈ ∆ K (N ).
Remark 2.3. Recall that the prime graph (or Gruenberg-Kegel graph) of a finite group G is the graph Γ(G) with vertex set π(G) and the property that two distinct vertices p and q are adjacent if and only if G contains an element of order pq. Now, a transitive permutation group G with point stabilizer H has property (⋆) only if one of the following holds:
The finite simple groups with a disconnected prime graph are recorded in [41, Tables 1-3] , and a similar analysis for almost simple groups is given in [43] . In particular, one could use these results to study the almost simple permutation groups for which (a) holds. Similarly, if G is almost simple and (b) holds, then the possibilities for G and H can be read off from [42, Corollary 5] . However, this is not the approach that we adopt in this paper.
The next result is a special case of [33, Lemma 3.3] .
Lemma 2.4. Let G be a finite permutation group and let N be a transitive normal subgroup of G such that G/N = N g is cyclic. Then N g∩∆(G) is empty if and only if every element of N g has a unique fixed point.
We will also need several number-theoretic lemmas. Given a positive integer n we write n 2 for the largest power of 2 dividing n. In addition, recall that (a, b) denotes the greatest common divisor of the positive integers a and b. The following result is well known. Lemma 2.5. Let q 2 be an integer. For all integers n, m 1 we have
Let q = p f be a prime power, let e 2 be an integer and let r be a prime dividing q e − 1. We say that r is a primitive prime divisor (ppd for short) of q e − 1 if r does not divide q i − 1 for all 1 i < e. A classical theorem of Zsigmondy [52] states that if e 3 then q e − 1 has a primitive prime divisor unless (q, e) = (2, 6). Primitive prime divisors also exist when e = 2, provided q is not a Mersenne prime. Note that if r is a ppd of q e − 1 then r ≡ 1 (mod e). Also note that if n is a positive integer, then r divides q n − 1 if and only if e divides n. If a pdd of q e − 1 exists, then we will write ℓ e (q) to denote the largest pdd of q e − 1. Note that ℓ e (q) > e. Lemma 2.6. Let r, s be primes, and let m, n be positive integers. If r m + 1 = s n , then one of the following holds:
(i) (r, s, m, n) = (2, 3, 3, 2); (ii) (r, n) = (2, 1), m is a 2-power and s = 2 m + 1 is a Fermat prime; (iii) (s, m) = (2, 1), n is a prime and r = 2 n − 1 is a Mersenne prime.
Proof. This is a straightforward application of Zsigmondy's theorem [52] . For completeness, we will give the details. First assume that m = 1, so r = s n − 1 is a prime. If s is odd, then r is even, so r = 2 and s n = 3, which implies that n = 1 and s = 3. This case appears in (ii). Now assume s = 2, so r = 2 n − 1 is prime. It follows that n must also be a prime and thus r is a Mersenne prime. This is (iii).
For the remainder, we may assume that m 2. Notice that r 2m − 1 = s n (r m − 1). If (m, r) = (3, 2), then s n = 2 3 + 1 = 3 2 and thus (s, n) = (3, 2) as in (i). Now assume that (m, r) = (3, 2). By Zsigmondy's theorem [52] , the ppd ℓ 2m (r) exists and divides r 2m − 1 = s n (r m − 1), but not r m − 1, hence s = ℓ 2m (r) > 2m 4. Therefore s 5 is an odd prime and r m = s n − 1 is even, so r = 2. We now consider three cases.
If n = 1, then s = r m + 1 = 2 m + 1 is an odd prime, which implies that m is a 2-power as in case (ii). Next assume that n = 2. Here 2 m = s 2 − 1 = (s − 1)(s + 1) and thus s − 1 = 2 a and s + 1 = 2 b for some positive integers a and b. Then 2 b − 2 a = (s + 1) − (s − 1) = 2 and thus 2 b−1 = 2 a−1 + 1, which implies that (a, b) = (1, 2), so s = 3 and thus m = 3. Therefore, (r, s, m, n) = (2, 3, 3, 2) as in case (i). Finally, let us assume that n 3. Now 2 m = s n − 1 and Zsigmondy's theorem implies that the ppd ℓ n (s) > n 3 exists and divides 2 m , which is absurd. Lemma 2.7. Let q be a prime power and let (a, ǫ), (b, δ) ∈ N × {±1}, where b > a 2 and (a, ǫ) = (2, −1). Let N = (q a + ǫ)(q b + δ). Then one of the following holds:
(i) N has two distinct prime divisors that do not divide q 2 − 1;
(ii) (a, ǫ) = (2, 1), (b, δ) = (4, −1) and q 2 + 1 = (2, q − 1)r e for some prime r and positive integer e; (iii) q = 3, (a, ǫ) = (2, 1) and (b, δ) = (3, 1); (iv) q = 2, (a, ǫ) = (3, 1) and 2 b + δ is divisible by at most two distinct primes, one of which is 3; (v) q = 2, a = 3 and (b, δ) = (6, −1).
Proof. There are four cases to consider, according to the possibilities for the pair (ǫ, δ).
First assume that (ǫ, δ) = (1, 1). Suppose that neither (a, q) nor (b, q) is equal to (3, 2) . Then the primitive prime divisors ℓ 2a (q) and ℓ 2b (q) exist, and they both divide N . Moreover, these primes are distinct since 2a < 2b, and neither of them divides q 2 − 1 since 2b > 2a 4. If (a, q) = (3, 2) then b 4, N = 3 2 (2 b + 1) and either (i) or (iv) holds. If (b, q) = (3, 2), then a = 2, N = 3 2 · 5 and (iii) holds.
Next suppose that (ǫ, δ) = (−1, −1), so a 3. If neither (a, q) nor (b, q) is equal to (6, 2) , then N is divisible by the distinct primes ℓ a (q) and ℓ b (q), neither of which divide q 2 − 1. If (a, q) = (6, 2), then N = 3 2 · 7(2 b − 1) is divisible by 7 and ℓ b (2) > b 7. Finally, suppose that (b, q) = (6, 2), so N = 3 2 · 7(2 a − 1) and 3 a 5. It is easy to check that (i) holds if a = 4 or 5, and that (v) holds if a = 3. Now assume that (ǫ, δ) = (1, −1). If (a, q) = (3, 2) then (i) or (iv) holds, so we may assume that (a, q) = (3, 2). If (b, q) = (6, 2) then N = 3 2 · 7(2 a + 1), a ∈ {2, 4, 5} and (i) holds. In each of the remaining cases, the primitive prime divisors ℓ 2a (q) and ℓ b (q) exist, and they divide N , but not q 2 − 1. Clearly, if b = 2a then these two primes are distinct and (i) holds, so let us assume that b = 2a, so N = (q a + 1) 2 (q a − 1). If (a, q) = (6, 2) then (i) holds. If (a, q) = (6, 2) and a 3 then we can take the primitive prime divisors ℓ a (q) and ℓ 2a (q), so once again (i) holds. Finally, if a = 2 and b = 4 then N = (q 2 − 1)(q 2 + 1) 2 and either (i) or (ii) holds.
Finally, let us assume that (ǫ, δ) = (−1, 1). Here we may assume that a 3. If (a, q) = (6, 2) then take ℓ a (q) and ℓ 2b (q), otherwise N = 3 2 · 7(2 b + 1) is divisible by 7 and ℓ 2b (q). In both cases, (i) holds.
Lemma 2.8. Let q be a prime power and let N be one of the integers in Table 2 , where ǫ = ±1. Then N is a prime power if and only if (ǫ, q) is one of the cases recorded in the second column of the table.
Proof. This is entirely straightforward. For example, suppose that N = (q 5 − 1)/(6, q − 1). Let d = (6, q − 1) and suppose that N = r e for some prime number r and positive integer e. Then r = ℓ 5 (q) and
Since r does not divide q − 1, we must have q − 1 = d and thus q − 1 ∈ {1, 2, 3, 6}. If q = 4 then N = 341 = 11.31 is not a prime power, but one checks that N is a prime power if q ∈ {2, 3, 7}. The other cases are very similar.
We will also need the following result, which follows from a theorem of Nagell [45] .
Lemma 2.9. Let q = p f be a prime power and let r be a prime.
(i) If e is a positive integer such that q 2 + q + 1 = r e , then q ≡ 1 (mod 3) and e = 1.
(ii) If e is a positive integer such that q 2 + q + 1 = 3r e , then q ≡ 1 (mod 3) and e ∈ {1, 2}. (iii) If q 2 +q +1 = (3, q −1)r e for some positive integer e, then either (q, r, e) = (4, 7, 1), or f = 3 a for some integer a 0.
Proof. Parts (i) and (ii) follow from [45] . For (iii), let d = (3, q − 1) and write f = 3 a m with (3, m) = 1 and a 0. We may assume that q = 4. Seeking a contradiction, suppose that m > 1. Notice that
Since q = 4, the ppd ℓ 3f (p) exists and divides q 2 + q + 1, so r = ℓ 3f (p). Let s = ℓ 3 a+1 (p). Since f = 3 a m is indivisible by 3 a+1 , it follows that (s, q − 1) = 1, so s does not divide d(q − 1) and thus s divides r e , so r = s. But m > 1, so 3f > 3 a+1 and thus r = s. This is a contradiction and the result follows.
Remark 2.10. By a theorem of van der Waall [51] , the Diophantine equation x 2 + x + 1 = 3y 2 has infinitely many integer solutions; the smallest nontrivial solution is (x, y) = (313, 181). Here x and y are both primes, and another solution in the primes is (x, y) = (2288805793, 1321442641).
A reduction theorem
The following theorem reduces the study of primitive permutation groups with property (⋆) to almost simple and affine groups. Theorem 3.1. Let G Sym(Ω) be a primitive permutation group with point stabilizer H. If (⋆) holds, then either (i) G is almost simple; or (ii) G = HN is an affine group with socle N ∼ = (Z r ) k for some integer k 1. Moreover, if (ii) holds and |H| is indivisible by r, then G is a Frobenius group with kernel N and complement H.
Proof. Let N be a minimal normal subgroup of G, so N ∼ = S 1 × S 2 × · · · × S k , where S i ∼ = S for some simple group S and integer k 1. Then N is transitive on Ω and G = HN . Let us assume that (⋆) holds.
First assume that H ∩ N = 1, so N is regular and every nontrivial element in N is a derangement. If N is abelian, then we are in case (ii). Moreover, if |H| is indivisible by r, then N is a Sylow r-subgroup of G and thus ∆(G) ⊆ N . In this situation, [13, Lemma 4.1] implies that G is a Frobenius group with kernel N and complement H. Now, if N is nonabelian then S is a nonabelian simple group and thus |S| is divisible by at least three distinct primes, whence S (and thus N ) contains derangements of distinct prime orders, which is incompatible with property (⋆).
For the remainder, we may assume that H ∩ N is nontrivial. It follows that N ∼ = S k , where S is a nonabelian simple group and k 1. If k = 1, then G is almost simple and (i) holds. Therefore, we may assume that k 2.
Let T N be a maximal subgroup of N containing H ∩ N . By Lemma 2.2, we have ∆ T (N ) ⊆ ∆ H (G). Since k 2, there exist integers i and j such that 1 i < j k and L := S i × S j T . By relabelling the S i , if necessary, we may assume that
where
By [50, Lemma 1.3] , there are essentially two possibilities for K; either K is a diagonal subgroup of the form {(s, φ(s)) : s ∈ S 1 } for some isomorphism φ :
In the diagonal case, every element in L of the form (s, 1) with 1 = s ∈ S 1 is a derangement on L/K. Clearly, this situation cannot arise. Now assume K is a standard maximal subgroup. Without loss of generality, we may assume that K = K 1 × S 2 , where K 1 is maximal in S 1 . Let s ∈ S 1 be a derangement on S 1 /K 1 of prime power order, say p e for some prime p and integer e 1 (such an element exists by the main theorem of [19] ). Since |π(S)| 3, choose t ∈ S 2 of prime order different from p. Then (s, t) ∈ L is a derangement on L/K of non-prime power order, so once again we have reached a contradiction.
This completes the proof of Theorem 1.
Almost simple groups
In this section we prove Theorem 2. We fix the following notation. Let r be a prime and let G Sym(Ω) be an almost simple primitive permutation group with socle G 0 and point stabilizer H. Set H 0 = H ∩ G 0 and let M be a maximal subgroup of G 0 containing H 0 . As before, let ∆(G) be the set of derangements in G, and let E(G) be the set of orders of elements in ∆(G). By Lemma 2.2, we have
Recall that if X is a finite set, then π(X) denotes the set of prime divisors of |X|. Let us assume that (⋆) holds, so every derangement in G is an r-element, for some fixed prime r. By Lemma 2.2, every derangement of G 0 on Ω is also an r-element. Clearly, if
Proposition 4.1. Theorem 2 holds if G 0 is a sporadic group or the Tits group.
Proof. First assume that G 0 is not the Monster. The maximal subgroups of G 0 are available in GAP [26] , and it is easy to identify the cases (G 0 , M ) with |π 0 | 1. For the reader's convenience, the cases that arise are listed in Table 3 . We now consider each of these cases in turn. With the aid of GAP [26] , we can compute the permutation character χ = 1 G 0 M , and we observe that
In this way, we deduce that property (⋆) holds if and only if
This case is recorded in Table 1 . Now assume G = M is the Monster. As noted in [6, 46] , there are 44 conjugacy classes of known maximal subgroups of M (these subgroups are conveniently listed in [6, Table  1 ], together with L 2 (41)). Moreover, it is known that any additional maximal subgroup of M is almost simple with socle L 2 (13), U 3 (4), U 3 (8) or Sz (8) . It is routine to check that |π 0 | 2 in each of these cases.
Alternating groups.
Proposition 4.2. Theorem 2 holds if G 0 = A n is an alternating group. Proof. If n 17 then the result can be checked directly using GAP [26] ; the only cases (G, H) with property (⋆) are the following:
which are recorded in Table 1 as
respectively (see Remark 3) . For the remainder, we may assume that n 18. In order to show that (⋆) does not hold, we may assume that G = G 0 (see (3)). Seeking a contradiction, let us assume that there is a fixed prime r such that every derangement in G is an r-element. First assume that |Ω| = |G : H| is a prime power, in which case |Ω| = r e for some integer e 1. By [29, Theorem 1] , H = A n−1 and n = r e . Without loss of generality, we may identify Ω = {1, . . . , n} and we may view H as the stabilizer in G of 1 ∈ Ω. Define
so z ∈ G is a derangement on Ω. If n = r e is odd, then r is odd but |z| is even, which is a contradiction. Similarly, if n is even then r = 2 but |z| is divisible by 3. Therefore, |Ω| is divisible by a prime s = r, and thus G is strongly s-elusive in the sense of [12] (this simply means that G does not contain a derangement of s-power order). By [12, Proposition 3.9] , one of the following holds:
(a) Ω is the set of partitions of {1, 2, . . . , n} into b 2 parts of size a; or (b) s = 2, n = 2 m + 1 and Ω is the set of 2 m−1 -element subsets of {1, 2, . . . , n}. Fi 23 29 4 13 Table 3 . Maximal subgroups of sporadic simple groups, |π 0 | 1 First assume that (a) holds, so H is of type S a ≀ S b , where n = ab and a, b 2. Since n 18 and a n/2, there are at least two distinct odd primes in the interval (a, n). If p is such a prime, then any p-cycle in G 0 is a derangement and thus ∆(G) contains elements of distinct prime orders, which is a contradiction.
Finally, suppose that (b) holds. Here it is easy to see that any element z ∈ G of cycleshape (3, ℓ, n − 3 − ℓ) with ℓ ∈ {1, 3} is a derangement, so ∆(G) contains elements of order lcm(3, n − 4) and lcm(3, n − 6) (where lcm(a, b) denotes the lowest common multiple of a and b). By hypothesis, these numbers are r-powers, so r = 3 and thus n − 4 = 3 u and n − 6 = 3 v for some integers u > v 1. Therefore 2 = 3 v (3 u−v − 1), which is absurd. 4.3. Exceptional groups. Now let us assume that G 0 is a simple exceptional group of Lie type over F q , where q = p f and p is a prime. For x ∈ G 0 , let M(x) be the set of maximal subgroups of G 0 containing x. We will write Φ i for the i-th cyclotomic polynomial evaluated at q, so q n − 1 = d|n Φ d . Recall that if e 2 and q e − 1 has a primitive prime divisor, then we use the notation ℓ e (q) to denote the largest such divisor of q e − 1. Proof. Recall the notational set-up introduced at the beginning of Section 4: H is a point stabilizer in G, and H 0 = H ∩ G 0 . In view of (3), in order to show that (⋆) does not hold we may assume that G = G 0 . Seeking a contradiction, suppose that every derangement in G is an r-element, for some fixed prime r. We will consider each possibility for G in turn.
Case 1. G = 2 B 2 (q), with q = 2 2m+1 and m 1. Table II ], [31, Table 6 ] and [32, Table 1 ], we see that G has two cyclic maximal
Since no maximal subgroup of G can contain conjugates of both x 1 and x 2 , it follows that x G i ∩ H is empty for some i = 1, 2. Therefore, x i ∈ ∆(G) and thus |x i | is a power of r. Let j = 3 − i. Then |x j | is indivisible by r, so H contains a conjugate of x j and thus H = N G (T j ) is the only possibility (up to conjugacy). Now G has a cyclic maximal torus of order q − 1, so let x ∈ G be an element of order q − 1 7. Since |H| is indivisible by q − 1, it follows that x ∈ ∆(G). But r does not divide q − 1, so we have reached a contradiction.
Case 2. G = 2 G 2 (q), with q = 3 2m+1 and m 1. This is very similar to the previous case. Here we take two cyclic maximal tori T i = x i , i = 1, 2, of order Φ ′ 6 = q + √ 3q + 1 and Φ ′′ 6 = q − √ 3q + 1, respectively, such that
Note that Φ ′ 6 Φ ′′ 6 = q 2 − q + 1. By arguing as in Case 1, we deduce that |x i | is a power of r and H = N G (T j ) for some distinct i, j. Since |H| is indivisible by 9, it follows that any element x ∈ G of order 9 is a derangement, but this is a contradiction since r = 3.
Case 3. G = 2 F 4 (q), with q = 2 2m+1 and m 1.
Again, we proceed as in Case 1. Here G has two cyclic maximal tori T i = x i , i = 1, 2, where
As in Case 1, we see that |x i | is a power of r and H = N G (T j ) for some distinct i, j. Let x ∈ G be an element of order ℓ 4 (q). Since |H| is indivisible by ℓ 4 (q), it follows that x ∈ ∆(G), but this is a contradiction since r = ℓ 4 (q).
Again, we can proceed as in the previous cases, working with cyclic maximal tori T 1 , T 2 and an element x ∈ G of order ℓ 24 (q), where
As indicated in [31, Table 6 ], G has a maximal torus T = x of order
Suppose that x ∈ ∆(G). Then x G ∩ H is non-empty, and without loss of generality we may assume that x ∈ H and thus H = N G (T ). If q = 2 then |H| = 52 and |π(G)\π(H)| = 2, so we must have q > 2. Let y i ∈ G (i = 1, 2) be elements of order ℓ i := ℓ m i (q) 5, where m 1 = 3 and m 2 = 6. Since |H| is indivisible by ℓ 1 and ℓ 2 , it follows that y 1 , y 2 ∈ ∆(G). But this is a contradiction since the ℓ i are distinct primes. Now assume that x ∈ ∆(G), so |x| = Φ 12 is a power of r. If q = 2 then r = 13 and H must contain elements of order 7, 8, 9, 14, 18, 21 and 28, but no maximal subgroup of G has this property (see [16] , for example). Therefore, q > 2. Following [32, p.698], let y ∈ G be an element of order Φ 3 such that |C G (y)| divides Φ 2 3 and
. Now (Φ 12 , Φ 3 ) = 1, so y ∈ ∆(G) and thus we may assume that H ∈ M(y). Let z ∈ G be an element of order Φ 1 Φ 2 Φ 6 = (q 2 − 1)(q 2 − q + 1). Then |H| is indivisible by |z|, so z ∈ ∆(G). But this is a contradiction since (Φ 12 , Φ 1 Φ 2 Φ 6 ) = 1.
Let d = (3, q + 1). As indicated in [31, Table 6 ] and [32, Table 1 ], G has two cyclic maximal tori
No maximal subgroup of G contains both x 1 and x 2 (see [42, Table 10 .5]), so x i ∈ ∆(G) for some i, and thus |x i | is a power of r.
First assume that q = 2, so |x 1 | = 19, |x 2 | = 13 and thus r ∈ {13, 19}. If r = 13, then H contains a conjugate of x 1 , so H = SU 3 (8).3 is the only option, but this is not possible since |π(G) \ π(H)| = 4. Similarly, if r = 19 then H ∈ M(x 2 ) must contain elements of order 11, 13 and 17, but it is easy to check that this is not the case. Now assume that q > 2. Let x ∈ G be an element of order ℓ 10 (q). Both |SU 3 (q 3 ).3| and |Φ 6 . 3 D 4 (q).3/d| are indivisible by ℓ 10 (q), so x ∈ ∆(G). However, this is not possible since ℓ 10 (q) and |x i | are coprime.
We can use GAP [26] to rule out the cases q 5, so we may assume that q 7. First assume that q = 7. By inspecting [31, Table 6 ] and [32, Table 1 ], we see that G has two cyclic maximal tori T i = x i , i = 1, 2, of order Φ 6 = 43 and Φ 3 = 57, respectively, with M(x 1 ) = {SU 3 (7).2} and M(x 2 ) = {SL 3 (7).2}. From [42, Table 10 .5], it follows that x i ∈ ∆(G) for some i, so H contains a conjugate of x j , where j = 3 − i. Therefore, H = SL ǫ 3 (7).2 for some ǫ = ±. As noted in [39, Table A.7] , G contains elements of order 7 2 + 7 = 56 and 7 2 + 7 + 1 = 57. Now SU 3 (7).2 contains no element of order 57, and SL 3 (7).2 has no element of order 56. Therefore, G always contains a derangement of non-prime power order, which is a contradiction.
For the remainder, we may assume that q > 7. We use the set-up in [18, Section 5.7] . Choose a 4-tuple ( Φ 3 ) and k 6 = Φ 6 /(3, Φ 6 ). Note that the numbers k 1 , k 2 , k 3 and k 6 are pairwise coprime. Let y 1 ∈ G be an element of order k 6 , and fix a regular semisimple element y 2 ∈ G of order k 1 . Similarly, fix z i ∈ G, i = 1, 2, where |z 1 | = k 3 and z 2 is a regular semisimple element of order k 2 .
From [42, Table 10 .5], it follows that either y 1 or z 1 is a derangement. Suppose that y 1 ∈ ∆(G). Then H contains a conjugate of z 1 , so [18, Lemma 5.27] , a contradiction. Therefore z 2 ∈ ∆(G), but once again we reach a contradiction since (k 2 , k 6 ) = 1. An entirely similar argument applies if z 1 ∈ ∆(G).
First assume that G = E 7 (q). Let d = (2, q − 1). As in [18, Section 5.2], let y 1 , y 2 ∈ G be elements of order Φ 18 and Φ 2 Φ 14 /d = (q 7 + 1)/d, respectively, and let z 1 , z 2 ∈ G be elements of order Φ 9 and Φ 1 Φ 7 /d = (q 7 − 1)/d, respectively. From [18, Corollary 5.6], we deduce that y i , z j ∈ ∆(G) for some i, j ∈ {1, 2}. However, it is easy to check that (|y i |, |z j |) = 1 for all i, j, so this is a contradiction.
The case G = E 6 (q) is entirely similar, using [18, Corollary 5.11] and elements y i , z i ∈ G with |y 1 | = Φ 9 /d, |y 2 | = Φ 4 , |z 1 | = Φ 3 Φ 12 and |z 2 | = Φ 5 (where d = (3, q − 1)).
For q > 2, we can proceed as in Case 8, using the information in [18, Section 5.5]. The reader can check the details. Now assume that q = 2. By inspecting [31, Table 6 ] and [32, Table 1 ], we see that G has two cyclic maximal tori T i = x i , i = 1, 2, of order Φ 12 = 13 and Φ 8 = 17, respectively, such that M(x 1 ) = { 3 D 4 (2).3, 2 F 4 (2), L 4 (3).2 2 } and M(x 2 ) = {Sp 8 (2)}. Therefore, r ∈ {13, 17}. If r = 13, then H contains a conjugate of x 2 , so H = Sp 8 (2). However, [16] indicates that G has an element of order 28, but Sp 8 (2) does not, so this case is ruled out. Therefore, r = 17 and H contains a conjugate of x 1 , so H ∈ M(x 1 ). However, in each case one can check that H does not contain an element of order 30, but G does. This final contradiction eliminates the case G = F 4 (q).
This completes the proof of Proposition 4.3.
Classical groups.
In order to complete the proof of Theorem 2, we may assume that G 0 is a classical group over F q . Due to the existence of certain exceptional isomorphisms involving low-dimensional classical groups (see [40, Proposition 2.9 .1], for example), and in view of our earlier work in Sections 4.1, 4.2 and 4.3, we may assume that G 0 is one of the groups listed in Table 4 .
We will focus initially on the low-dimensional classical groups with socle L 2 (q) and L ǫ 3 (q), which require special attention. As before, if a primitive prime divisor of q e − 1 exists, then ℓ e (q) denotes the largest such prime divisor (as noted in Section 2, if e 2, then ℓ e (q) exists unless (q, e) = (2, 6), or e = 2 and q is a Mersenne prime). (a) H = (Z 2 ) f :Z q−1 = P 1 is a maximal parabolic subgroup of G;
, where e is a prime and q 0 = 2.
The case f = 3 can be handled using GAP [26] , and we find that (⋆) holds if and only if (H, r, E(G)) is one of the following (recall that E(G) denotes the set of orders of derangements in G):
For the remainder, we may assume that f 4. Note that a Sylow 2-subgroup of G is self-centralizing and elementary abelian. In particular, if x ∈ G then either |x| = 2, or |x| divides q ± 1. Also note that G contains elements of order q ± 1, and it has a unique class of involutions.
We
For the converse, suppose that q + 1 is a Fermat prime. We need to show that every derangement in G has order r = q + 1. Let y ∈ ∆(G), so |y| divides 2 or q ± 1. But q + 1 = r is a prime, so either |y| ∈ {2, r} or |y| divides q − 1. Every involution has fixed points since G has a unique class of involutions, so |y| > 2. If |y| divides q − 1, then y belongs to a maximal torus that is G-conjugate to the subgroup Z q−1 < H. Again, this implies that y has fixed points. Therefore, |y| = r is the only possibility and the result follows.
The case H = D 2(q−1) is identical to the previous one, and the same conclusion holds. A very similar argument also applies if H = D 2(q+1) . Here any element of order q − 1 is a derangement and by applying Lemma 2.6 we deduce that (⋆) holds if and only if r = q − 1 is a Mersenne prime.
Case 3. H = L 2 (q 0 ), where q = q e 0 , e prime, q 0 = 2. Finally, observe that subfield subgroups are easily eliminated since elements of order q ± 1 are derangements.
Lemma 4.5. Theorem 2 holds if G 0 = L 2 (q) and q is even.
Proof. As before, write q = 2 f , where f 3. In view of Lemma 4.4, we may assume that
where φ is a nontrivial field automorphism of G 0 , so the order of φ divides f . The case f = 3 can be handled directly, using [26] for example. Here G = ΓL 2 (8) and we find that (⋆) holds if and only if (H, r, E(G)) is one of the following:
For the remainder, we may assume that f 4. Since G 0 H, we have G = G 0 H. Set H 0 = H ∩ G 0 and note that H 0 is a maximal subgroup of G 0 (see [5, We consider each of these cases in turn.
Here f 5 is a prime, so G = ΓL 2 (q) = G 0 . φ and H = H 0 . φ is the only possibility, where φ has order f . Note that
H. Therefore, y ∈ H. We conclude that every derangement in G has order r, as required.
In the two remaining cases, r = q + 1 is a Fermat prime and f = 2 m for some integer m 2. In both cases, we claim that (⋆) does not hold. In order to see this, we may assume that the index of G 0 in G is a prime number, which in this case implies that |G :
By the above comments, we may assume that G = G 0 . φ and H = D 2(q−1) . φ , where φ has order 2. Note that C G (φ) = L 2 (2 f /2 ) × φ . Since C G (φ) does not contain a Sylow 2-subgroup of G, we deduce that the Sylow 2-subgroups of G are nonabelian. Therefore G contains an element z of order 4. However, the Sylow 2-subgroups of H are isomorphic to C 2 × C 2 , so z ∈ ∆(G). We conclude that G contains derangements of order r and 4, so (⋆) does not hold. Finally, let us assume that H = N G (P 1 ) = P 1 . φ = H 0 . φ , where |φ| = 2. As above, we have C G (φ) = L 2 (2 f /2 ) × φ , so C G (φ) contains an element of order 2(q 0 + 1), where q 0 = 2 f /2 . We claim that H does not contain such an element. Seeking a contradiction, suppose x ∈ H has order 2(q 0 + 1). Since H = H 0 ∪ H 0 φ and H 0 = P 1 has no element of order 2(q 0 + 1), we deduce that x ∈ H 0 φ and we may write x = uφ with u ∈ H 0 . In terms of matrices (and a suitable basis for the natural L 2 (q)-module), we have
where λ, a ∈ F q and λ = 0. Then x 2 = (uφ)(uφ) = uu φ has order q 0 + 1. We may assume that φ is the standard field automorphism of order 2 with respect to this basis, so
with b = λ q 0 + aλ −q 0 . Since x 2 has order q 0 + 1, we deduce that λ (q 0 +1) 2 = 1, which implies that λ 2(q 0 +1) = 1. Therefore λ q 0 +1 = 1 since F q has characteristic 2. It follows that
has order q 0 + 1, which is absurd. This justifies the claim, and we deduce that ∆(G) contains elements of order 2(q 0 + 1). In particular, (⋆) does not hold.
Lemma 4.6. Theorem 2 holds if G 0 = L 2 (q) and q is odd.
Proof. Write q = p f , where p is an odd prime. In view of the isomorphisms L 2 (5) ∼ = A 5 and L 2 (9) ∼ = A 6 , we may assume that q 7 and q = 9. The case q = 7 can be checked directly using GAP, and we find that (⋆) holds if and only if (G, H, r, E(G)) is one of the following:
(L 2 (7), P 1 , 2, {2, 4}), (L 2 (7), S 4 , 7, {7}), (PGL 2 (7), N G (P 1 ), 2, {2, 4, 8}) .
For the remainder, we may assume that q 11. Note that G contains elements of order (q ± 1)/2, and a unique conjugacy class of involutions.
If H is a subfield subgroup (as in (c) or (d) above), then it is clear that any element of order (q ± 1)/2 is a derangement, so property (⋆) does not hold in this situation. Similarly, it is straightforward to handle the cases H ∈ {A 5 , A 4 , S 4 }. For example, suppose H = A 5 , so q ≡ ±1 (mod 10) and either q = p, or q = p 2 and p ≡ ±3 (mod 10). Note that every nontrivial element of H has order 2, 3 or 5. If q 19 then any element of order (q ± 1)/2 is a derangement; if q = 11, then elements of order 6 are derangements. The cases H = A 4 and S 4 are just as easy.
If H = D q−1 then any element in G of order p or (q + 1)/2 is a derangement, and the dihedral groups of order q + 1 can be eliminated in a similar fashion.
Finally, let us assume that H = P 1 = (Z p ) f :Z (q−1)/2 , so |H| = q(q − 1)/2 and |G : H| = q + 1. We claim that (⋆) holds if and only if q = 2r e − 1 for some positive integer e.
First observe that any element of order (q + 1)/2 is a derangement, so if (⋆) holds then q = 2r e − 1 for some e ∈ N. For the converse, suppose that q = 2r e − 1. We claim that
Since |H| is indivisible by r, the inclusion {r i : 1 i e} ⊆ E(G) is clear. To see that equality holds, let y ∈ G be a nontrivial element, and suppose that |y| is divisible by a prime s = r. Since a Sylow p-subgroup of G is self-centralizing, it follows that either |y| = p, or |y| = 2 and r is odd, or |y| is a divisor of (q − 1)/2. In the first two cases, it is clear that y has fixed points, so let us assume that |y| divides (q − 1)/2. Then y is conjugate to an element of the maximal torus Z (q−1)/2 < H, so once again y has fixed points. This justifies the claim.
To complete the proof of the lemma, we may assume that G = G 0 , q 11 and H 0 = H ∩ G 0 = P 1 , in which case (⋆) holds only if q = 2r e − 1 for some positive integer e (note that H ∩ G 0 is a maximal subgroup of G 0 ). There are several possibilities for G. First assume that G = PGL 2 (q), so H = (Z p ) f :Z q−1 . We claim that (⋆) holds if and only if r = 2 and q = 2 e+1 − 1 is a Mersenne prime. As above, any element of order (q + 1)/2 is a derangement. Now G also contains elements of order q + 1, and they are also derangements. Therefore, if (⋆) holds then r = 2 is the only possibility, so p f + 1 = 2 e+1 and Lemma 2.6 implies that q = p = 2 e+1 − 1 is a Mersenne prime.
For the converse, suppose that q = p = 2 e+1 − 1 is a Mersenne prime. We claim that
As above, any involution in G 0 is a derangement, and so is any element in G of order 2 i with 1 < i e + 1 since |H| 2 = 2, hence {2 i : 1 i e + 1} ⊆ E(G). To see that equality holds, suppose that y ∈ G has order divisible by an odd prime s. Then either |y| = p, or y is conjugate to an element of the maximal torus Z q−1 < H; in both cases, y has fixed points. The result follows.
To complete the proof of the lemma, we may assume that G = G 0 . φ or G 0 . δφ , where φ is a nontrivial field automorphism of G 0 of order e (so e divides f ) and δ = diag(ω 1 , ω 2 ) ∈ PGL 2 (q) (modulo scalars) is a diagonal automorphism of G 0 . Recall that (q + 1)/2 = r e for some prime r and positive integer e. Our goal is to show that (⋆) does not hold.
First we claim that r is odd and f is a 2-power. The fact that r is odd follows immediately from Lemma 2.6 (indeed, if r = 2, then p f + 1 = 2 e+1 and thus Lemma 2.6 implies that f = 1, which is false). To see that f is a 2-power, suppose that f = 2 a b, where a 0 and b 3 is odd. Then p 2 a + 1 divides q + 1, so we may write 2r e = (p 2 a + 1)c where c = p 2 a (b−1) − p 2 a (b−2) + · · · + 1 is odd. Therefore 2r divides p 2 a + 1, so (q + 1, p 2 a + 1) 2r. But this contradicts Lemma 2.5, which gives (q + 1, p 2 a + 1) = 2. This justifies the claim. Therefore, in order to show that (⋆) does not hold, we may assume that |G :
If we identify Ω with the set of 1-dimensional subspaces of the natural L 2 (q)-module, then φ and δφ fix the 1-spaces (1, 0) and (0, 1) . Therefore, Lemma 2.4 implies that the coset G 0 γ contains derangements. But every element in this coset has even order, which is incompatible with property (⋆).
To summarize, we have now established the following result: Proposition 4.7. Let G be a finite almost simple primitive permutation group with point stabilizer H and socle L 2 (q), where q 4 and q = 5. Then (⋆) holds if and only if (G, H, r) is one of the cases in Table 5 .
Proof. Set d = (3, q − 1) and note that G 0 contains elements of order (q 2 + q + 1)/d and (q 2 − 1)/d. We may assume that q 3 since L 3 (2) ∼ = L 2 (7). If 3 q 7, then we can use GAP to verify the desired result; we find that (⋆) holds if and only if G = L 3 (q), H ∈ {P 1 , P 2 } and r = (q 2 + q + 1)/d, in which case E(G) = {r} (note that (q 2 + q + 1)/d is a prime number for all q ∈ {3, 4, 5, 7}). For the remainder, we will assume that q 8. In particular, note that (q 2 − 1)/d is not a prime power (indeed, it is easy to check that (q 2 − 1)/d is a prime-power if and only if q = 3 or 7).
First assume that G = L 3 (q). The possibilities for H are given in [5, Tables 8.3 and 8.4] . We can immediately eliminate any subgroup H that does not contain an element of order (q 2 − 1)/d, so this implies that H is either a maximal parabolic subgroup, or H = SO 3 (q) (with q odd).
Suppose that H is a maximal parabolic subgroup. Without loss of generality, we may assume that H = P 1 (the actions of G on 1-spaces and 2-spaces are permutation isomorphic), so |H| = q 3 (q − 1)(q 2 − 1)/d. We claim that G has property (⋆) if and only if one of the following holds:
(a) d = 1 and q 2 + q + 1 = r; or (b) d = 3 and q 2 + q + 1 ∈ {3r, 3r 2 }.
To see this, first notice that any element x ∈ G of order (q 2 + q + 1)/d is a derangement. Therefore, if (⋆) holds then (q 2 + q + 1)/d = r e for some positive integer e, and by applying Lemma 2.9 we deduce that (a) or (b) holds. Conversely, suppose that (a) or (b) holds. We claim that E(G) = {r, r 2 } if d = 3 and q 2 + q + 1 = 3r 2 {r} otherwise. To see this, we use the fact that the action of G on 1-spaces is doubly transitive, so the corresponding permutation character has the form 1 G H = 1 + χ for some irreducible character χ ∈ Irr(G) of degree q(q + 1). By inspecting the character table of G (see [21, Table 2 ], for example), we see that χ(x) = −1 if and only if x has order r (or r 2 if d = 3 and q 2 + q + 1 = 3r 2 ). This justifies the claim. Now assume that H = SO 3 (q), so q is odd. Here elements of order (q 2 + q + 1)/d are derangements, and so is any unipotent element with Jordan form [J 2 , J 1 ] (where J i denotes a standard unipotent Jordan block of size i). Therefore, (⋆) does not hold in this situation.
To complete the proof of the lemma, we may assume that G = G 0 and q 8. Let M be a maximal subgroup of G 0 containing H 0 := H ∩ G 0 . From the analysis in Case 1, we may assume that M = P 1 , in which case H 0 is either equal to P 1 , or it is a nonmaximal subgroup of type P 1,2 (a Borel subgroup of G 0 ) or GL 2 (q) × GL 1 (q). We can quickly eliminate the latter two possibilities. Therefore, we may assume that H 0 = P 1 , with q 8. To show that (⋆) does not hold, we may as well assume that we are in one of the two cases (a) and (b) in (4) above (otherwise the conclusion is clear). Note that the condition H 0 = P 1 implies that G ΓL 3 (q) (that is, G does not contain a graph automorphism). Also note that we may identify Ω with the set of 1-dimensional subspaces of the natural L 3 (q)-module. Note that r > 3.
First assume that G = PGL 3 (q), so d = 3 since we are assuming that G = G 0 . Here G has a cyclic maximal torus x of order q 2 + q + 1. Then x is a derangement and thus (⋆) does not hold since q 2 + q + 1 is not a prime power (note that (q 2 + q + 1) 3 = 3).
For the remainder, we may assume that q = p f and f 2 (also recall that q 8). Suppose that f is indivisible by 3, so q 2 + q + 1 is divisible by the primitive prime divisor ℓ 3 (p) > 3 and thus r = ℓ 3 (p). But q 2 + q + 1 is also divisible by ℓ 3f (p) > 3f , which is a contradiction since q 2 + q + 1 ∈ {r, 3r, 3r 2 }.
Finally, let us assume that f is divisible by 3. Recall that the condition q 2 + q + 1 ∈ {r, 3r, 3r 2 } implies that f is a 3-power (see Lemma 2.9(iii)). To deduce that (⋆) does not hold, we may assume that |G : G 0 | is a prime number. Since G ΓL 3 (q) and f is a 3-power, we may assume that |G : G 0 | = 3 and thus G = G 0 . φ or G 0 . δφ , where φ is a field automorphism of order 3 and δ is an appropriate diagonal automorphism diag(ω 1 , ω 2 , ω 3 ) ∈ PGL 3 (q) (modulo scalars). In both cases, the result follows by applying Lemma 2.4. For example, δφ has more than one fixed point on Ω, so Lemma 2.4 implies that the coset G 0 δφ contains derangements, none of which has r-power order. In view of this final contradiction, we conclude that (⋆) does not hold if G = G 0 . The cases q ∈ {3, 4, 5} can be handled directly, using GAP, so for the remainder we will assume that q 7. Let V be the natural G 0 -module, and let P 1 (respectively N 1 ) be the G 0 -stabilizer of a 1-dimensional totally isotropic (respectively, non-degenerate) subspace of V . Note that N 1 is a subgroup of type GU 1 (q) × GU 2 (q).
We can immediately rule out any subgroup H that does not contain elements of order (q 2 − 1)/d, which means that we may assume H is of type P 1 , N 1 or O 3 (q) (q odd). In all three cases, elements of order (q 2 − q + 1)/d are derangements. In addition, if H = N 1 (respectively, SO 3 (q)) then unipotent elements with Jordan form [J 3 ] (respectively, [J 2 , J 1 ]) are derangements. Finally, suppose that H = P 1 . Let ω ∈ F q 2 be an element of order q + 1 and set x = diag(1, ω, ω −1 ) ∈ G (modulo scalars) with respect to an orthonormal basis for V . Then x does not fix a totally isotropic 1-space, whence x is a derangement of order q + 1.
Having handled the low-dimensional groups, we are now in a position to complete the proof of Theorem 2 for linear and unitary groups. Lemma 4.10. Theorem 2 holds if G 0 = L ǫ n (q). Proof. We may assume that n 4. Set d = (n, q−ǫ) and e = (q−ǫ)d. Let V be the natural G 0 -module. Let P i be the G 0 -stabilizer of a totally isotropic i-dimensional subspace of V (so P i is a maximal parabolic subgroup of G 0 , and we can take any i-space if ǫ = +). Similarly, if ǫ = − then let N i denote the G 0 -stabilizer of an i-dimensional non-degenerate subspace of V (so N i is of type GU i (q) × GU n−i (q)). In order to show that (⋆) does not hold, we may assume that G = G 0 . There are several cases to consider. Case 1. n = 2m and m 4 − ǫ is odd. First assume that m 5. As in the proof of [13, Proposition 3.11] , let x ∈ G be an element of order (q m+2 − ǫ)(q m−2 − ǫ)/e. Then |x| is not a prime power (see Lemma 2.7), and [30, Table II] indicates that x is a derangement unless one of the following holds:
(a) ǫ = + and H = P m−2 (or P m+2 ); (b) ǫ = − and H = N m−2 . In (a), any element of order ℓ n (q) or ℓ n−1 (q) is a derangement, and elements of order ℓ n (q) and ℓ 2(n−1) (q) are derangements in case (b). Now assume m = 3, so (ǫ, n) = (+, 6). Let x ∈ G be an element of order (q 6 − 1)/e, which is not a prime power by Lemma 2.8. Here x is a Singer element, and the main theorem of [3] implies that x is a derangement, unless H is a field extension subgroup, so we have reduced to the case where H is of type GL 3 (q 2 ) or GL 2 (q 3 ). In this situation, elements of order ℓ 5 (q) are derangements, and so are unipotent elements with Jordan form [J 2 , J 4 1 ]. Case 2. n = 2m and m 3 − ǫ is even.
First assume that m 4. Let x ∈ G be an element of order (q m+1 − ǫ)(q m−1 − ǫ)/e. Then Lemma 2.7 implies that |x| is not a prime power, and from [30, Table II ] we deduce that x is a derangement unless one of the following holds:
(a) ′ ǫ = + and H = P m−1 (or P m+1 ); (b) ′ ǫ = − and H = N m−1 . To deal with these cases, we can repeat the argument in Case 1. Now assume m = 2, so (ǫ, n) = (+, 4). By applying the main theorem of [3] , we deduce that elements of order (q 4 − 1)/e are derangements unless H is a field extension subgroup of type GL 2 (q 2 ). Moreover, since (q 4 − 1)/e is not a prime power (see Lemma 2.8), we can assume that H is of type GL 2 (q 2 ). Here elements of order ℓ 3 (q) and unipotent elements with Jordan form [J 2 , J 2 1 ] are derangements. Case 3. ǫ = +, n = 2m + 1 and m 2.
If G = L 11 (2) , then any element of order 2 11 − 1 = 23.89 is a derangement, unless H is a field extension subgroup of type GL 1 (2 11 ), in which case elements of order 2 10 − 1 are derangements. For the remainder, we may assume that (n, q) = (11, 2) . Let x ∈ G be an element of order (q m+1 − 1)(q m − 1)/e. By Lemmas 2.7 and 2.8, |x| is not a prime power, so we may assume that H = P m (see [30, Table II] ). If m 3, then elements of order ℓ n (q) or ℓ n−2 (q) are derangements. Similarly, if m = 2 then we can take elements of order ℓ 5 (q) or ℓ 4 (q). By Lemma 2.7, |x| is not a prime power, and [30, Table II] indicates that x has fixed points only if H stabilizes a subspace U of V with dim U 2. Therefore, we may assume that H has this property, in which case any element of order ℓ 2n (q) or ℓ n−1 (q) is a derangement.
Case 5. ǫ = − and n ∈ {4, 5, 6, 7}.
First assume that n = 7. Let x ∈ G be an element of order (q 6 − 1)/d. Since |x| is not a prime power, by inspecting the list of maximal subgroups of G (see [5, Tables 8.37 and 8.38] ) it follows that we can assume that H ∈ {P 3 , N 1 , SO 7 (q)}. In all three cases, any element of order ℓ 14 (q) is a derangement. Similarly, elements of order ℓ 10 (q) are derangements, unless H = N 1 , in which case any unipotent element with Jordan form [J 7 ] is a derangement. The case n = 5 is entirely similar.
Next assume that n = 6. For now, let us assume that q ∈ {2, 5}. Let x ∈ G be an element of order (q 5 + 1)/d. Then |x| is not a prime power (see Lemma 2.8) and H = N 1 is the only maximal subgroup of G containing such an element (see [30, p.767] ). Now, if H = N 1 then any element of order (q 6 − 1)/e is a derangement of non-prime power order.
Suppose that n = 6 and q ∈ {2, 5}. The case q = 2 can be checked directly, using GAP for example, so let us assume that q = 5. Let x ∈ G be an element of order (5 6 − 1)/e = 434. By inspecting the list of maximal subgroups of G (see [5, Tables 8.26  and 8 .27]), we deduce that x is a derangement unless H is of type P 3 , GL 3 (5 2 ) or GU 2 (5 3 ), so we may assume that H is one of these subgroups, in which case any element of order ℓ 10 (5) = 521 is a derangement. Suppose that H = P 3 . Fix an orthonormal basis for V and let y = diag(1, 1, ω, ω −1 , ω 2 , ω −2 ) (modulo scalars), where ω ∈ F 25 is an element of order 6. Then y is a derangement. Similarly, if H is of type GL 3 (5 2 ) or GU 2 (5 3 ), then any unipotent element with Jordan form [J 2 , J 4 1 ] is a derangement. This eliminates the case G = U 6 (5).
A very similar argument applies if n = 4. Here the cases q ∈ {2, 3} can be checked directly, so let us assume that q 4. Let x ∈ G be an element of order (q 3 + 1)/d. Then |x| is not a prime power (see Lemma 2.8) and again we reduce to the case H = N 1 (see [30, p.767] ). We can now take any element of order (q 4 − 1)/e, which will be a derangement of non-prime power order.
Next, we turn our attention to symplectic groups. Let G 0 = PSp n (q) be a symplectic group with natural module V . As before, we will write P i (respectively, N i ) for the G 0 -stabilizer of an i-dimensional totally isotropic (respectively, non-degenerate) subspace of V . We will also use n = m ⊥ (n − m) to denote an orthogonal decomposition of V of the form V = V 1 ⊥ V 2 , where V 1 is a non-degenerate m-space. Further, we will say that a semisimple element x ∈ G 0 is of type m ⊥ (n − m) if it fixes such an orthogonal decomposition of V , acting irreducibly on V 1 and V 2 . Similar notation is used in [7, 13, 30] .
To begin with, we will assume that n 6; the special case G 0 = PSp 4 (q) will be handled separately in Lemma 4.12.
Lemma 4.11. Theorem 2 holds if G 0 = PSp n (q) and n 6.
Proof. Set d = (2, q − 1) and write n = 2m with m 3. As before, we may assume that
The case (n, q) = (6, 2) can be handled directly (using GAP, for example), so let us assume that (n, q) = (6, 2). Let x ∈ G be an element of order (q m + 1)/d. If q is even, then Lemma 2.6 implies that |x| is not a prime power, and it is easy to see that the same conclusion also holds if q is odd. By the main theorem of [3] , x is a derangement unless one of the following holds:
(a) H is a field extension subgroup of type Sp n/k (q k ) for some prime divisor k of n;
(b) q is even and H = O − n (q). In (a), elements of order ℓ n−2 (q) are derangements, and so are unipotent elements with Jordan form [J 2 , J n− 2 1 ]. Similarly, if (b) holds then elements of order ℓ m (q) are derangements, and so are semisimple elements of type (n − 2) ⊥ 2 and order (q m−1 + 1)(q + 1).
Case 2. m 6 even.
First assume that q is odd. Let x ∈ G be a semisimple element of type (n − 4) ⊥ 4, so
Clearly, if m ≡ 2 (mod 4) then |x| is divisible by ℓ 4 (q) and ℓ n−4 (q), so |x| is not a prime power. The same conclusion also holds if m ≡ 0 (mod 4) (see Lemma 2.6). By [7, Proposition 5.10], we may assume that H is of type N 4 or Sp n/2 (q 2 ). In both cases, elements of order ℓ n−2 (q) are derangements. In addition, unipotent elements with Jordan form [J n ] (respectively, [J 2 , J n−2 1 ]) are derangements if H is of type N 4 (respectively, Sp n/2 (q 2 )). Now assume that q is even. Let x ∈ G be a semisimple element of type (n − 2) ⊥ 2 and order q m−1 + 1. Now Lemma 2.6 implies that |x| is not a prime power, and by applying the main theorem of [34] we deduce that x is a derangement unless H ∈ {N 2 , O + n (q)}. In both cases, elements of order ℓ n (q) are derangements. Also, unipotent elements with Jordan form [J n ] are derangements if H = N 2 . Now, if H = O + n (q) then let y ∈ G be a blockdiagonal element of the form y = [y 1 , y 2 ] (with respect to an orthogonal decomposition n = (n − 2) ⊥ 2), where y 1 ∈ Sp n−2 (q) has order ℓ m−1 (q) and y 2 ∈ Sp 2 (q) has order q + 1. Then y is a derangement and the result follows.
The case q = 2 can be checked directly, so we may assume that q 3. If q is even, then we can repeat the relevant argument in Case 2. Now assume q is odd. Let x ∈ G be a semisimple element of type 6 ⊥ 2 and order q 3 + 1. By Lemma 2.6, |x| is not a prime power. The maximal subgroups of G are listed in [5, Tables 8.48 and 8 .49], and we deduce that x is a derangement unless H is of type N 2 , GU 4 (q) or L 2 (q 3 ) (in the terminology of [5, 40] , the latter possibility is an almost simple irreducibly embedded subgroup in the collection S). In each of these exceptional cases, any element of order (q 4 + 1)/2 is a derangement. In addition, if H = N 2 then unipotent elements with Jordan form [J 8 ] are derangements. Similarly, if H is of type GU 4 (q) or L 2 (q 3 ) then elements with Jordan form [J 2 , J 6 1 ] are derangements. Lemma 4.12. Theorem 2 holds if G 0 = PSp n (q).
Proof. We may assume that n = 4. The result can be checked directly if q 7, so let us assume that q 8.
First assume that q is odd. In terms of an orthogonal decomposition 4 = 2 ⊥ 2, let x = [x 1 , x 2 ] ∈ G (modulo scalars) be an element of order p(q + 1), where x 1 ∈ Sp 2 (q) is a unipotent element of order p, and x 2 ∈ Sp 2 (q) is irreducible of order q + 1. By inspecting the list of maximal subgroups of G (see [5, Tables 8.12 and 8 .13]), we deduce that x is a derangement unless H is of type P 1 or Sp 2 (q) ≀ S 2 . In both of these cases, any element of order ℓ 4 (q) is a derangement. Similarly, unipotent elements with Jordan form [J 4 ] are derangements if H is of type Sp 2 (q) ≀ S 2 . Finally, suppose that H = P 1 . Now Sp 2 (q) has precisely ϕ(q + 1)/2 2 distinct classes of elements of order q + 1 (where ϕ is the Euler totient function); if y 1 , y 2 ∈ Sp 2 (q) represent distinct classes, then y = [y 1 , y 2 ] ∈ G (modulo scalars) is a derangement since it does not fix a totally isotropic 1-space. Now assume q is even. As above, let x ∈ G be an element of order 2(q +1). The maximal subgroups of G are listed in [5, Table 8 .14], and we see that x is a derangement unless H is of type P 1 , Sp 2 (q) ≀ S 2 ∼ = O To complete the proof of Theorem 2, we may assume that G 0 = PΩ ǫ n (q) is an orthogonal group, where n 7. The low-dimensional groups with n ∈ {7, 8} require special attention. We extend our earlier notation for orthogonal decompositions by writing m ± to denote a non-degenerate m-space of type ± (when m is even). Similarly, we write N ± m for the G 0 -stabilizer of such a subspace of the natural G 0 -module V . If q is even, we will also adopt the standard Aschbacher-Seitz notation for involutions (see [1] ). Proof. We may assume that G = G 0 . The case q = 3 can be checked directly, so we may assume that q 5 (recall that q is odd). Let x ∈ G be an element of order (q 3 + 1)/2, which is not a prime power. By [7, Proposition 5.20 ], x is a derangement unless H = N Proof. As usual, we may assume that G = G 0 . The case q = 2 can be checked directly, using GAP. Next suppose that q = 3. Let x ∈ G be an element of order 20, fixing a decomposition of the form 8 = 4 − ⊥ 4 − . As indicated in [7, Table 3 ], x is a derangement unless the type of H is one of the following: 2 (3) . Similarly, G contains derangements of order 15 if H is of type GU 4 (3). Finally, suppose that H is of type O 7 (3). We may assume that H is the stabilizer of a non-degenerate 1-space, in which case elements with Jordan form [J 4 2 ] are derangements, and so are elements y ∈ G of order 5 of the form y =ŷZ, where Z = Z(Ω + 8 (3)) and C V (ŷ) is trivial (the eigenvalues ofŷ (in F 3 4 ) are the nontrivial 5-th roots of unity, each occurring with multiplicity 2).
For the remainder, we may assume that q 4. Let x ∈ G be an element of order (q 3 + 1)/(2, q − 1), fixing an orthogonal decomposition 8 = 6 − ⊥ 2 − . Then |x| is not a prime power, and x is a derangement unless H is of type N − 2 or GU 4 (q) (see [30, p.767] 
Proof. We may assume that G = G 0 and n 9. We have three cases to consider. A similar argument applies if m is even. Here we take an element x ∈ G of order (q (m−2)/2 + 1)(q (m+2)/2 + 1)/(4, q − 1), fixing a decomposition (m + 2) − ⊥ (m − 2) − . Then |x| is not a prime power, and [7, Proposition 5.14] implies that x is a derangement unless . In each of these cases, it is clear that elements of order ℓ n (q) and ℓ n−2 (q) are derangements.
Next suppose that m ∈ {5, 6, 7, 9, 10}. Let x ∈ G be an irreducible element of order (q m + 1)/(2, q − 1). We claim that |x| is not a prime power (here we require m = 8). If q is even, this follows immediately from Lemma 2.6, so let us assume that q is odd. Suppose m = 5 and q 5 + 1 = 2r e for some prime r and positive integer e. Then (q + 1)(q 4 − q 3 + q 2 − q + 1) = 2r e and r = ℓ 10 (q). Therefore, q + 1 = 2 is the only possibility, which is absurd. Similarly, if m = 6 and q 6 + 1 = (q 2 + 1)(q 4 − q 2 + 1) = 2r e , then r = ℓ 12 (q) and q 2 + 1 = 2, which is not possible. The other cases are entirely similar. Now, by the main theorem of [3] , x is a derangement unless H is a field extension subgroup of type O − n/k (q k ) (k a prime divisor of n, n/k 4 even) or GU n/2 (q) (n/2 odd). In both cases, elements of order ℓ n−2 (q) are derangements. In addition, there are unipotent derangements; take [J n−1 , J 1 ] if q is odd, an a 2 -involution if q is even and H is of type O − n/k (q k ), and a c 2 -involution if q is even and H is of type GU n/2 (q).
Finally, let us assume that m = 8. As in [30, Table II] , let x ∈ G be an element of order lcm(q 5 + 1, q 2 + 1, q + 1)/(2, q − 1), fixing an orthogonal decomposition of the form 10 − ⊥ 4 − ⊥ 2 − . Note that |x| is divisible by ℓ 10 (q) and ℓ 4 (q), so it is not a prime power. As indicated in [30, Table II ], x is a derangement unless H is of type N Case 3. G 0 = Ω n (q) and n 9 is odd.
Write n = 2m + 1 and note that q is odd. First assume m is odd. Let x ∈ G be an element of order
fixing an orthogonal decomposition (m + 1) − ⊥ (m − 1) − ⊥ 1. Note that |x| is divisible by ℓ m+1 (q) and ℓ m−1 (q), so |x| is not a prime power. Let H be a maximal subgroup of G containing x. By carefully applying the main theorem of [34] , we deduce that
For example, the order of x rules out subfield subgroups and imprimitive subgroups of type O 1 (q) ≀ S n (see [7, Remark 5 .1(i)]), and the dimensions of the irreducible constituents of x are incompatible with field extension subgroups of type O n/k (q k ). Now, if H is one of these reducible subgroups, then elements of order ℓ n−1 (q) and ℓ n−3 (q) are derangements. The result follows.
A similar argument applies if m is even. Here we take x ∈ G to be an element of order
fixing a decomposition (m + 2) − ⊥ (m − 2) − ⊥ 1. We claim that |x| is not a prime power. This is clear if m 6, or if m = 4 and q is not a Mersenne prime, since |x| is divisible by ℓ m±2 (q). Suppose that m = 4 and q is a Mersenne prime. If q = 3 then |x| = 28 and the claim holds, and if q > 3 then |x| is divisible by 2 and ℓ 6 (q). This justifies the claim. Using [34] one can check that the only maximal subgroups of G containing x are of type N This completes the proof of Theorem 2.
Affine groups
Let G be a finite primitive permutation group. By Theorem 1, if (⋆) holds then G is either almost simple or affine. In the previous section, we determined all the almost simple examples, and we now turn our attention to the affine groups with property (⋆). Our main aim is to prove Theorem 4.
Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z p ) k . As an abstract group, G is a semidirect product of V by H. Therefore, we will begin our analysis by studying the structure of a general semidirect product G = H ⋉ N with property (⋆), so G is a finite group, H is a proper subgroup and N is a normal subgroup of G such that G = HN and H ∩ N = 1.
We will need some additional notation. If K is a subgroup of G and g ∈ G, then we set
We also write K * for the set of all nontrivial elements of K.
Proof. First consider part (i). The result is clear if x = 1, so assume that x ∈ H * . The inclusion C H (x)C N (x) ⊆ C G (x) is clear. Conversely, suppose that g = hn ∈ C G (x) where h ∈ H, n ∈ N . Then hnx = xhn. Multiplying both sides by (xh) −1 = h −1 x −1 , we obtain
which implies that (hnh −1 )(hxh
Since n ∈ N G and h, x ∈ H, we deduce that
Since hnx = xhn = hxn, we deduce that nx = xn and thus n ∈ C N (x). Therefore, g = hn ∈ C H (x)C N (x) and part (i) follows. For part (ii), let K H and let n ∈ N * . Assume that y ∈ K ∩ K n . Then y = k n ∈ K for some k ∈ K, so
which implies that kn = nk and y = k, or equivalently y ∈ C K (n). Therefore, K ∩ K n C K (n). Conversely, if y ∈ C K (n) then y ∈ K and y = n −1 yn ∈ K n , so y ∈ K ∩ K n and thus C K (n) K ∩ K n . The result follows. Now consider part (iii). Assume that N is abelian. Set
First we claim that Γ ⊆ ∆ H (G). Let g ∈ Γ, say g = hn with h ∈ H and n ∈ N \ [N, h]. Seeking a contradiction, suppose that g ∈ ∆ H (G). Then g ∈ H t for some t ∈ G. Since t ∈ G = HN , we may write t = h 1 m 1 with h 1 ∈ H and m 1 ∈ N . It follows that g ∈ H t = H m 1 , so m 1 gm
, contradicting our choice of n. We have now shown that Γ ⊆ ∆ H (G). Conversely, suppose that g = hn ∈ ∆ G (H) with h ∈ H, n ∈ N . We claim that n ∈ N \ [N, h]. Seeking a contradiction, suppose that n ∈ [N, h], say n = [m, h] for some m ∈ N . Then m −1 (hn)m = h, or equivalently g m ∈ H, which is a contradiction.
Finally, let us turn to part (iv). If x ∈ N * then x G ⊂ N , so x G ∩ H ⊆ N ∩ H = 1 and thus x G ∩ H = ∅ since x = 1. Therefore N * ⊆ ∆ H (G). Therefore, if every element of ∆ H (G) is an r-element (for some fixed prime r), then every element of N is also an r-element and thus N is an r-group. Lemma 5.2. Let G = H ⋉N , where N is an r-group for some prime r. Then the following are equivalent:
In other words, every nontrivial r ′ -element of H induces a fixed-point-free automorphism of N via conjugation.
Proof. First we will show that (i) implies (ii). Suppose that (⋆) holds. Let n ∈ N * . We claim that C H (n) is an r-group. Notice that C H (n) = H ∩ H n by Lemma 5.1(ii). Seeking a contradiction, suppose that |C H (n)| is divisible by a prime s = r. Choose y ∈ C H (n) with |y| = s and let g := ny = yn ∈ G. We claim that g ∈ ∆ H (G), which would be a contradiction since |g| = |n|s is not a power of r. Assume that g ∈ ∆ H (G), so g ∈ H t for some t ∈ G. Since G = HN , we may assume that t ∈ N . Then
and n s ∈ N G, so t(n s )t −1 ∈ H ∩ N = 1 and thus n s = 1, which is not possible since n is a nontrivial r-element. Therefore, g = ny ∈ ∆ H (G) as required. Next we will show that (ii) implies (i). Suppose that C H (n) is an r-group for all n ∈ N * . Let g ∈ ∆ H (G), say g = hn with h ∈ H and n ∈ N * . We claim that g is an relement. Seeking a contradiction, suppose that m := |g| is divisible by a prime s = r. Set x := g m/s ∈ G and let S be a Sylow s-subgroup of H. Then |x| = s and S is also a Sylow s-subgroup of G since |G : H| = |N | is coprime to s. By Sylow's theorem, x t ∈ S H for some t ∈ G. Since g G ⊆ ∆ H (G), replacing g by g t −1 we may assume that x ∈ H. Then g ∈ C G (x) = C H (x)C N (x) by Lemma 5.1(i).
Suppose that C N (x) = 1, say 1 = n ∈ C N (x). Then x ∈ C H (n), but this is a contradiction since |x| = s and we are assuming that C H (n) is an r-group. Therefore, C N (x) = 1 and thus C G (x) = C H (x). Hence g ∈ C H (x) H, which contradicts the fact that g ∈ ∆ H (G). This final contradiction shows that g is an r-element, so (⋆) holds. Now let us show that (ii) implies (iii). Suppose that C H (n) is an r-group for all n ∈ N * . Let x ∈ H * be an r ′ -element. We claim that C N (x) = 1. Seeking a contradiction, suppose that 1 = n ∈ C N (x). Then x ∈ C H (n), so |C H (n)| is divisible by |x|, which is not an r-power. This contradicts the assumption that C H (n) is an r-group.
To complete the proof, it remains to show that (iii) implies (ii). Suppose that C N (x) = 1 for every nontrivial r ′ -element x ∈ H. Let n ∈ N * . If C H (n) is not an r-group, then there exists an element x ∈ C H (n) with |x| = s, where s = r is a prime. Therefore, 1 = n ∈ C N (x), which is not possible since C N (x) = 1.
We are now in a position to prove Theorem 4.
Proof of Theorem 4. Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z p ) k , where p is a prime and k 1. If property (⋆) holds, then r = p and Lemma 5.2 implies that no nontrivial r ′ -element of H has fixed points on V \ {0}. Therefore, the pair (H, V ) is r ′ -semiregular in the sense of [20] . Conversely, if r = p and (H, V ) is r ′ -semiregular, then C V (x) = 0 for every nontrivial r ′ -element x ∈ H, so Lemma 5.2 implies that G has property (⋆).
Remark 5.3. Note that the equivalence of (i) and (ii) in Lemma 5.2 implies that an affine group G = HV AGL(V ) has property (⋆) if and only if every two-point stabilizer in G is an r-group. Remark 5.4. As above, let G = HV AGL(V ) be a finite affine primitive permutation group with property (⋆), so V is a faithful irreducible F r H-module. Let O r (H) denote the largest normal r-subgroup of H. We claim that O r (H) = 1. To see this, set V 0 = C V (O r (H) ). Since O r (H)V is an r-group, it follows that V 0 is nontrivial. For every h ∈ H, we have
and thus V 0 is H-invariant. Since V is an irreducible F r H-module, we deduce that V = V 0 , which implies that O r (H) centralizes V . But V is faithful, so O r (H) = 1 as claimed.
If G = HV AGL(V ) is an affine group (with V = (Z r ) k ) and r ∈ π(H), then G is a Frobenius group and property (⋆) clearly holds. Therefore, we may focus on the case where r ∈ π(H). As noted in the Introduction, detailed information on r ′ -semiregular pairs (H, V ) was initially obtained by Guralnick and Wiegand in [35, Section 4] , where this notion arises naturally in their study of the multiplicative structure of field extensions. Similar results were established in later work by Fleischmann et al. [20] . In both papers, the main aim is to determine the structure of H. Proposition 5.6. Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z r ) k . Assume that H is perfect and r ∈ π(H). Then G has property (⋆) only if one of the following holds:
(i) H ∼ = SL 2 (r a ), where a 1 and r a > 3; (ii) H ∼ = Sz(2 2a+1 ), r = 2 and a 1; (iii) H ∼ = Sz(2 2a+1 ) × SL 2 (2 2b+1 ), r = 2 and a, b 1 such that (2a + 1, 2b + 1) = 1; (iv) H ∼ = SL 2 (s), r = 3 and s ∈ S ∪ {7, 17}.
For instance, H = SL 2 (7) has a 12-dimensional faithful, irreducible module V over F 3 , and the corresponding affine group G = HV has property (⋆) (with E(G) = {3, 9}). In the general case, we refer the reader to [20, Theorem 6 .1] for a detailed description of the structure of H.
Finally, let us suppose that G = HV AGL(V ) is a finite affine primitive permutation group with property (⋆). Set E(G) = E H (G) = {|x| : x ∈ ∆ H (G)}.
Can we determine when E(G) = {r}? In order to address this question, let P be a Sylow r-subgroup of G. Then V P since V is a normal r-subgroup of G, and we have P = (P ∩ H)V = KV with K := H ∩ P . Note that P = KV is a semidirect product.
Proposition 5.7. Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z r ) k . Assume that property (⋆) holds. Let P be a Sylow r-subgroup of G and set K = H ∩ P . Then the following hold:
(i) P = KV is a transitive permutation group on P/K.
(ii) ∆(G) = g∈G ∆ K (P ) g and E(G) = E K (P ).
Proof. As above, P = KV is a semidirect product. For part (i), it suffices to show that the core L of K in P is trivial. We have L K H and L P , so [L, V ] L∩V K ∩V = 1 and thus L C K (V ) C H (V ) = 1 (here we are using the fact that V is a faithful irreducible H-module). This proves (i). Now consider part (ii). Clearly, it suffices to show that the first equality holds. By applying Lemma 5.1(iii) we have
Since K H, a further application of Lemma 5.1(iii) (this time for G = HV ) shows that ∆ K (P ) ⊆ ∆(G). As ∆(G) is a normal subset of G, it follows that g∈G ∆ K (P ) g ⊆ ∆(G).
Since property (⋆) holds, every g ∈ ∆(G) is an r-element, so some G-conjugate of g is in P . Without loss of generality, we may assume that g ∈ P = KV . By Lemma 5.1(iii) we have g = hn, with h ∈ H and n ∈ V \ [V, h]. Moreover, since V P and g ∈ P , we have h = gn −1 ∈ H ∩ P = K. Therefore, by applying Lemma 5.1(iii) once again, we conclude that g = hn ∈ ∆ K (P ). Therefore ∆(G) = g∈G ∆ K (P ) g and the proof is complete. Now, if we assume that G = HV has property (⋆), then part (ii) of Proposition 5.7 implies that E(G) = {r} if and only if E K (P ) = {r}. Clearly, if P has exponent r, then E K (P ) = {r}. Conversely, if E K (P ) = {r} with r = 2 or 3, then a theorem of Mann and Praeger [44, Proposition 2] implies that P has exponent r. As noted in the Introduction, it is not known if the same conclusion holds for all primes r (see [44, p.905] ). We propose the following conjecture:
Conjecture 5.8. Let G = HV AGL(V ) be a finite affine primitive permutation group with point stabilizer H = G 0 and socle V = (Z p ) k , where p is a prime and k 1. Then every derangement in G has prime order r for some fixed prime r if and only if r = p and the following two conditions hold:
(i) Every two-point stabilizer in G is an r-group; (ii) A Sylow r-subgroup of G has exponent r.
